Time : Three Hours]

ADVANCED CALCULUS-1

[Maximum Marks : 100
Note ;: Attempt one question cac

1.

h from Sections A, B, C, and D carrying 20 marks each and the entire

Section E consisting of eight short answer type questions carrying 2% marks each.
SECTIFOI\CIl: A

)

(c)
(a)

(b)

(c)

()

Prove that a convergent sequence is bounded. Is is converse true 7 8
Find the envelope of family of curves x cos’ 8 +y sin’ 0 = a where 6 is parameter. 6

Show that the function f (x) = P is continuous in [0, 1] but it is not uniformly coentinuous
in [0, 1]. Also show that f is uniformly continuous in [0, 1] where 0 <a <L, 6

Prove that the sequence u“;] } is monotonically increasing and bounded. Prove that it

converges to the limit ¢’ 7
Find he centre of curvature at any point (x, y) of the ellipse :—1+-E-;=l. Also find evolute of
K! 1

7

a’

+=—==1

o[

| ifx isrotational
Show that the function f defined by f(x)= 0" ifxis irational is continuous everywhere. 6

Section 3 B

. v—u - - v—u
Using Lagrane’s Mean value theorem, show that T+ <tan” v-tan~'u<

- if0<u<v.
u

n 4 a9 w1
Also, deduce that Z+4_l< tan™' = < =4 —

4. 4 8 : ' 10

-

x?

- . . (a y)=iayons 1200
Discuss the continuity of the function at (0, 0) : '\ ¥/~ y

0 . (x,¥)=(0.0)
State and prove Taylor’s theorem with Cauchy’s form of remainder. 10
LetA={(X,y): %, yer0<x<Il,0<y<Il}andf:A— R defined by
. )= L if y=0
(% ¥)=10 i y=0

Show that Ltf(x, y) does not exist. .
(x.y)~(}4.0)

State and prove Young's theorem.

8
Prove that ax® + 2hxy + by and Ax* + 2Hxy + By? are independent of each other unless.
a b _h

10
Section : C

A B H

Examine for extreme values for the function £ (x, y, Z) = x* + y* + z* + 2xyz. 6
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(a)

(b)

(c)

(a)

(b)
(@)

(b)

Do as directed :

(a)
(b)
(c)
(d)

(e)
(D

(g)

(h)

/
xhf.'l + yl 3

H 1 H I=——"T2" 6

Verify Euler’s Theorem for the function Xy
1 1 1
)= —=—t— - 2= y2 4 y2 4 72 h

Ifuw =xyz, J=7 y zandx x? + y? + 2%, prove that
3u. v %) _—v(y-2)(z=x)(x-y)(x+y+2)
8(x,y,2) 3ux (xz+xy + yz) '
*Find the extreme values (if any) of the given function f (x, y) = xy* (1 =X = ) 7

Section : D

If f(n) > fin + 1) >0 v n, then prove that two series > £(n) and 'Z;z“f(Z“) converge or -
n=l ' n=

diverge together. 10

) a(a+1)p(p+1
c;'.fx+ (1.2#}(?&]) )x: F oo @ % >0 for convergence. 10

Test the series 1+

Using Cauchy’s Integral Test, discuss the convergence or dirergence of the series
= |
Z—p-’ p> 0 .

=1 N
State and prove D’ Alembert’s Ratio Test. 10
Section : E

Shoul.r that the locus of the singular points of the curves of a given family is a part of its
envelope.
State Sandwich Theorem.

oz 0z
= 3 _ 3 = = 1 —_— —_
Ifz=x*—xy+y*and x=rcos 0, y =rsin 6, find ps and Em
. o a(x.y.2)
If x =rsin 8 cos ¢,y =rsin 0 sin ¢, z=rcos 0, find 3(n6.0)
Wha do you mean by Alternating series ?

Show that the series " (=1)"" oscillates finitely.
’I +X dy
Ify= I—_—x'.,ﬁnd ax

1 if (x,y)#(0,0)
- R2 fix,y)=
Let-f: R? - R be defined by (x.) {0 if (x,y)=(0,0)
Prove that the first order partial derivatives of f do not exist at (0, 0). 8x2¥2=20
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