MATHEMATICS
First Paper : Abstract Aigebra

Time allowed : Three hours ., Maximum Marks 75 for
Science 66 for Arts.
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Parts-A

1 Define Ring with Zero-divisors 24 @ SI0a SR e SraRasT SR |
2, Write the definition of Ideal. JUroTa ST TR¥-ST TR | '

3 Define Polynomial over a Ring. @& U= g9 &I GR¥INT SR |

4. Define Basis of a Vector Space. e GHite T MR IR e |
5. Write the definition of LinearMapping e Rfafior S aRamr fekad |
6’ Define Isomorphism of Vector Spaces.

icw FHftcdi e geadiRar @ aRumm SioH |

7. Define charaetéristic Polynomial. Sif¥eieiities g ol aR=ita iR |
8. Write the definition of similar Matrices. §q HfgRior < afRem iRy |
9. DefinéDiagonalizable Operator. 4y HRe &t qRmT SR |
10. State.Cayley-Hamilton Theorem. defi-3fiee v &1 HoM ]%n%t[ |

Parts-B

a b
1L Prove that the set S of all matrices of the form [o c] .a,b,c e Zforms
a subring of the ring R of all 2 x 2 matrices over the set of integers.

b
ﬁamﬁs [a } a, b, ¢ e ZIPR @ I IeAW o =

o c

S, QUi TR 2 x 2 P & ¥ ARAW & 9@ R 1 7@ 99 &
12. Ifa, b, c are elecments of a Euclidean ring R such that (a, b)=1anda
| be then show that a/c.
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AR a, b, ¢ T T R R B ¥ 9T & b (a, b) = 1 9@l a | be
< fRrg HIRA 5 ale
13. Show that the following vectors of V,(R) are linearly dependent:
g o e VB(R)a‘)ﬁHﬂﬁsrwaraﬂ:ma%:
a, =(1,3,2),a, =(1,-7,-8),&, =(2,1,-1) ,
14, Ift is a linear mapping from the vector space V(F) to V(F), then show that:
aR e wfe ¥ ve wRiftem & Rig AR @
t(-a)=-Ha),Va el

15. Find the characteristic equation of the following matrix A:
oy Afea A Y JifeEtie FHIGRUT e |

0o 1 2
A=|1 0 -1}
2 -1 0
Parts-C
Unit-L

16. (a) Define Integral Domain. Also prove thatthe ring (Z, = {0,1,2...., (P~ D},
+ x)isan integral domainifand onlyifp is prime.
gmumﬁqﬂmﬁﬁmammmﬁsm @,={0,L.2....,
- 1)},+pxp)qasgumuqia€m%uﬁ 3R Pae R P A &

(b) Prove that theset S ={a+bﬁ |a,b EQ} is a subfield of the field (R,
+ ,x) of real numbers. .
firg, difre-Te Tg= S={a+bﬁ|a,beQ}a1ﬁﬁ6 el &
aa(&+,x)mwwéa%|
X R
@, 1If L and I, be two ideals of a ring R, then prove that

I,+1,={a, +a,/ @ € ,,a € L} isanideal of R containing both I,

-~
-

uﬁlfmg%mkﬁrﬁwﬁﬁﬂﬁﬁaﬁﬁaWﬁf
1, %1, ={q va,la el g e} Raﬁwmﬁﬁl\‘ﬁ

I,amlzaﬁar—ﬁﬁnaﬁl v
(b) LetRbea Euclidean ring a, b are non-z€ro elementsin R, then pr
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that aandb have greatest common-dmsor d whlch can be expressed
inthe form d = 2a + ub for some AHER.
AT R Y(IwEd e ¥, a, b YRR ¢ R 81 A1 g A 5 a qarrb
&1 HEW S d ¥ R 58l L, ueR IRW d=Aa+ub &
W9 ¥ e e o wea ¥
Unit-IT

17. (@) Prove that the necessary and sufficient condition for a non-void/sub-

set W of a vector apace V(F)tobe a subspace of V(F) is :

ﬁaﬁmﬁsmmm&wm%warﬁaﬁmwﬁ
1T V(E) 9 7o Soeaie 3 & Rie smaeas v wi ahee d
a,be Fanda,feW = (an +bf)e W

(b) Define Linear sum of two Subspaces. Also prove thatthe linear sum of
two subspaces of a vector space is also a subspace

<1 SRRl 1 TR T TR AR | Ri DR 5 R
Wi e Bt & Suwwfedt o1 vHARE A 4 ve Suwie 3 ¥ |
OR "~
(2) Showthat S={(1,1,1),(0,1,1),(0,0,1)¥s abasis for the space V,(R). Also
find the coordinates of a= (3;1,<4) eV, 3 (R) relative to the basis.

Rig e i S = {(151,1))0,1,1).0,0, 1)}mV(R)asrww%| -

T MR @ WNel a = (3,1,-4) eV, (R) B Frdwie N s1a IR
(b) Prove that every m-dimensional vector space V(F) is isomorphic to
V,(F)ied(F) =V, (F).
Rig #Ir-fo Tw n-Refi Wl wafe V), v (F) > G
TAgT V(F)=V,(F).
RS Unit - 101
18, (a) \ Calculate : 2A% - 3A*+ A?-4],
3 1
where 4= [_1 2} .
U IR : 245 - 34+ A2- 41

. 31
S AT 2]

(b) Prove the following properties of similar matrices:
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(a)

)

() Similarity is an equivalence relation. (-
(i) Similar matrices have the same eigerivalues.
ey A @ A T Rig AR, ¢
D IO U JouT T A & -
(i) T ARAS D A IHE B &
OR
State and prove Cayley-thﬁlton theorem.
Dell—2fieeT T HNBAT X Rig IR |
Prove that the a"*n matrix A over the field F is diagonalizable if and
only if A hasTi-linear independent eigenvectors in V(F).
g IS8 F R 2 n-a1 IR A Rt & 3} ¢k daa
e e gafe Vo(F) § A @ n-3mgiq 9w vwura: Wa o |
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