ALGEBRA-II

Paper - 111
(Semester - VI)

Time Allowed : 3 Hours] . [Maximum Marks: 36
Note : The candidates are required to attempt two questions cach from Section A and B carrying 5"

I

marl‘c(s each and the entire Section C consisting of 10 short answer type questions carrying [4
marks.

Section - A :
Eag Let V is a vector space of all 3 x3 matrices over R. Find the dimension of V.
b) Prove that intersection of two vector sub spaces of a vector space is again‘a‘vector sub
space. s the same true about union of two sub space ? Justify. 2.5,3
(@ If V is a vector space over F and S, T are subsets of Vi Then prove that

L(SUT)=L(S)+L(T). _

(b) Prove that a vector space V(F) will be a direct sum of two sub spaces.W, and W, if and only
if (i) V=W, + W, and (i) W, "W, ={0}. . 25,3
(A) Let V be a vector space over the ficld F. Prove that the sets/S of non zero vectors v, v,, v,,
.. v_eVis lincarly dependent if and oly if one of these vecters say+,, 2 <k <n, can be expressed
as a'linear combination of vectors preceding it in the set.S«

(b) If V(F) is a finite dimensional vector space and W is a sub space of V, prove that dim (W\\?
= dim (V) = dim(W). . 2.5,
(a) Find basis and dimension of the sub space Weof RY, generated by the veators :

%1, -2,5,-3), (2,3, 1,-4), 3, 8 -3, -5)
(b) If V(F) is a finite dimension vector space, Prove.that any two basis of V will have same

number of elements. 2.5.3

_ _ Section - B
Prove that every n—dimensional vector-spacewover the field F is isomorphic to the space F. 5.5
State and prove Rank Nullity theorem. 55

(a) Find characteristic polynomial of the linear transformation
T : R? = R® defined as T(x, y) =(x =y, x + y) and verify Cayley Hamilton theorem.

0 1 1
(b) Ifthe matrix, of a linear transformation T: R*— R’ relative to the usual basis is 10 -1
-1 -1 0
Find the matrix of T rélafive to the basis B = {(0, 1, -1), (-1, 1, 0), (1, -1, l)#. 2.5.3
§ag IfT:V —. Wis an isomorphism of V onto W, prove that T maps a basis of V to a basis of WV,

b) LetT, T, be two linear operators on a vector space V(F) of dimension n. A and B = {
Vis e s vn},' is an ordered basis of V. Pr%vc ‘l_hal [T ET:_ B& J)f [T, ; B]. {333:“’;);
cctlion - -
Ei) Show: that there is no non singular linear transformation from R* to R,
i) «Does the set of all polynomials over real numbers with constant term an even integer, form g
Vector space ? S

(i) “Examine whether (1. -3, 52 belong to the linear span generated by S = {(1,2, 1), (1, 1, -1)
-(4, 5, -2)} over R, or not 7 L=l

(V) IfV, V, V...,V are alincarly independent (L.L.) n = 1 column vectors and A is 3

non Singulat matrix; prove that AV , AV, AV ... AV are alos L.I. o
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(v) C‘heé:k tgf L{meaér ig;ie endence of %l;e( i;\faactors.
gy Ly TSI ), T s 12':_‘35)6 . .

(vi) },et u,V, \‘5 be vector spaces over the’same field F andT:U—> VandT2:V > Wbe linear
transformations. Prove that T,T, : U — W is also a linear transformation. l><6—f

(vii) Find a Linear transformation T : R? & R?, whose range space is generated by (1,2, 3) and (4,

5, 6). -
(viii) Let l be an Eigen value of an invertible-operator T on a vector space V(F). Prove that 1! is

an Eigen value of T-'. 3 Basis of
(ix) Define transition matrix. If B, = {(=1, 0);:(0, 1)} and B2 = {(1,-2), (2, 3)} are two Basli

R2. Find transition matrix from B.to By, W Btlg
(x) Define Kernel of a Homomorphism f from a vector space V to a vector space W over .

prove that Kernel of f is a sub space of V. 2x4=8
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